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Abstract 

We derive the relativistic generalization of the Gahleon, by studying the 
brane position modulus of a relativistic probe brane embedded in a five- 
dimensional bulk. In the appropriate Galilean contraction limit, we recover 
the complete Galileon generalization of the DGP decoupling theory and its 
conformal extension. All higher order interactions for the Galileon and its 
relativistic generalization naturally follow from the brane tension, induced 
curvature, and the Gibbons-Hawking- York boundary terms associated with 
all bulk Lovelock invariants. Our approach makes the coupling to gravity 
straightforward, in particular allowing a simple rederivation of the nonmini- 
mal couplings required by the Covariant Galileon. The connection with the 
Lovelock invariants makes the well-defined Cauchy problem manifest, and 
gives a natural unification of four dimensional effective field theories of the 
DBI type and the Galileon type. 
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1 Introduction 



Infrared modified theories of gravity such as the Dvah-Gabadadze-Porrati (DGP) 
[1] model and its generahzations [2, 3, 4, 5, 6], may at first sight have httle to do 
with stringy motivated models of inflation such as Dirac-Born-Infeld (DBI) infla- 
tion, [7]. However, from the perspective of their four dimensional effective theories 
they belong to the same class of models, theories of scalar fields for which certain 
types of derivative interactions are allowed to be large, at least for classical field 
configurations [8, 9]. In a typical effective field theory, the derivative interactions, 
being irrelevant operators, cannot be taken to be large without going outside the 
regime of validity of the effective field theory. What makes these theories different 
is the existence of a symmetry, albeit one that is nonlinearly realized, that protects 
the form of the interactions. Both theories have in common that there are only a 
finite number of allowed interactions, which are invariant under the required sym- 
metries, and lead to second order equations of motion. The precise way in which 
these theories are believed to make sense beyond their naive regime of validity is 
different in each case. In particular, infrared (IR) modified gravities rely on the idea 
of the Vainshtein/kinetic chameleon effect to raise the effective cutoff scale in the 
presence of a source, in turn suppressing quantum corrections. 

In the case of DBI, the symmetry is the nonlinearly realized higher dimensional 
Poincare or Anti-de Sitter (AdS) invariance, [10]. This symmetry is clearly inherited 
from the higher dimensional picture of the scalar describing the modulus associated 
with a D-brane moving in a warped throat. By contrast, in the DGP case, the 
symmetry is the Galilean limit of the Poincare or AdS symmetry. The symmetry 
is similarly inherited from the extra dimensional Poincare symmetry, but is not 
identical because of the very different nature of the DGP decoupling limit. The 
most general theory which exhibits this Galileon symmetry, and gives equations of 
motion with a well-defined Cauchy problem, was recently derived in [11], while its 
coupling to gravity was presented in [12]. In this work, the allowed interactions for 
the Galileon were determined by demanding that the equations of motion remain 
second order in derivatives, and an elegant motivation was then provided in [13], 
using the anti-symmetric Levi-Civita symbol. The cosmological phenomenology was 
considered in [14] and many other aspects of field theories of this type have been 
considered in [15]. In particular the absence of stable solitonic solutions was recently 
shown in [16]. 

In what follows, we will complete the connection, both by demonstrating that 
there is a unified class of 4 dimensional effective theories, having the same symmetry 
as the DBI action, which in the appropriate limit reproduces all the interaction terms 
of the Galileon, and by giving a clear prescription for finding a higher dimensional 
theory for which these effective theories are the appropriate decoupling limit. We 
also emphasize that this approach makes the coupling to gravity as well as the 
multifield extension straightforward. 

The method of deriving the Galileon effective action by considering a probe 
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brane in 5 dimensions was already suggested in [11]. In particular in their sec- 
tion 3.1, this ideology was utilized to try to obtain the Galileon interactions from 
functions of the intrinsic curvature of the metric g^i, = e^'^rj^^ which automatically 
preserves the conformal group 50(2, 4), giving rise to the conformal Galileon. How- 
ever, our approach will be different, since we work with the true induced metric,^ 
Qfiv = e~'^^^^VtJ.i' + 9i_iiTduTT for which the conformal group symmetry S0{2, 4) is non- 
linearly realized in a different manner than that considered in [11], and consider also 
functions of the extrinsic curvature that arise as the Gibbons-Hawking- York bound- 
ary terms of the Lovelock invariants which are generically generated in the bulk. 
What we gain from this is a straightforward way to realize this in extra dimensions, 
and a manifest way to couple to gravity without introducing higher derivative terms, 
since we only utilize the famous Lovelock invariants in 4 and 5 dimensions. This 
means that we do not need to take the Galilean limit to see that the Cauchy prob- 
lem is well-defined. We also find that all the allowed interactions can be obtained 
by utilizing a remarkable recursion relation, whose origin is in the 5 dimensional 
Gauss-Codazzi equations. 

The simplicity of our result is encoded in the fact that the Lagrangian for the 
probe brane that is sufficient to reproduce all the interactions of the Galileon, Con- 
formal Galileon, their relativistic generalizations, and also to account for the cou- 
pling to gravity is given by the remarkably simple expression: 



where A{tt) is a 'tadpole' contribution whose origin may be in integration over the 
bulk action or, as for DBI, Chern-Simons terms in the effective action, and the 
term JCqb is simply the Gibbons- Hawking- York boundary term associated with a 
bulk Gauss-Bonnet term. Here g^i, and K^^ are the induced metric and extrinsic 
curvature of the brane, and the curvature invariants are functions of the induced 
metric and vr is the position modulus of the brane. The presence of terms which are 
odd in the extrinsic curvature in the probe brane action appears peculiar. For an 
orbifold brane terms of this form are familiar, since we may work with the theory 
defined only on the right hand side of the brane for example, and these terms are 
seen to arise as Gibbons-Hawking- York boundary terms of the bulk contributions. 
Alternatively in the double cover picture, the fact that the first derivative of the bulk 
metric is discontinuous at the position of the brane means that boundary terms on 
each side do not cancel. For a dynamical probe brane moving in a smooth geometry 
however, these terms are usually canceled by the boundary terms on the other side 
of the brane. An exception is when the brane represents the boundary between two 
asymmetric regions. 

Since our results are derived in a probe brane approximation, we will not be 
able to infer the usual DGP decoupling limit in the conventional sense. In the DGP 

^The different exponent in the exponential is just a matter of convention. 
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decoupling limit, a kinetic term for vr is only obtained from a mixing with gravity, 
whereas in the following, the kinetic term for vr will arise principally from the tension 
(although in the AdS case additional contributions will come from the higher order 
invariants). Furthermore, vr has a different meaning, in the probe brane limit vr is 
the position modulus of the brane. In DGP this degree of freedom is projected our 
because of the orbifold symmetry. The degree of freedom vr represents a type of 
brane bending mode which really arises from the bulk metric. It is at present an 
open question whether the full Galileon interactions can arise in some extension of 
the DGP model via a similar type of decoupling limit. 

We proceed as follows: In Section 2 we describe the nonlinear symmetry realized 
in both the DBI and Galileon models. We then rely on this symmetry to derive the 
most relevant operators and the generic form of the quantum corrections and present 
in section 3 the most general induced action on a relativistic probe consistent with 
these symmetries and having well-defined equations of motion. Moreover, in the 
appropriate non-relativistic limit we recover the Galileon ansatz. To make contact 
with the standard warped DBI model, we present in section 4 the AdS generalization 
of the probe brane induced action and emphasize the recursive relation existing 
between the different terms induced on the brane action ensuring the stability of 
the theory, before recovering the conformal Galileon limit. The coupling to gravity 
is straightforward as shown in section 5, and is in agreement with results previously 
obtained in some specific limits. Although gravity necessarily breaks the nonlinear 
symmetry, we give a prescription for how to replace the symmetry by a larger group 
using the higher dimensional picture. Finally we review our findings briefly in section 



2 Effective Field Theories with nonhnearly real- 
ized symmetries 

2.1 DBI and Poincare invar iance 

The DBI probe brane Lagrangian is protected by a nonlinearly realized 5 dimensional 
Poincare invariance IS0{1,4) (unwarped case) or 5 dimensional AdS invariance 
5*0(2,4) (warped case). Let us first consider the unwarped case for which the 
Lagrangian takes the form 



This action is manifestly invariant under the linearly realized /5'0(1,3) subgroup 
(M^y,P^) of /S'0(l,4), i.e. the 4 dimensional Poincare group. Furthermore it 
is invariant under vr — t- vr + c which corresponds to translations (P4) in the 5th 
dimension. The symmetry that is not immediately apparent, is that associated 
with rotations in the 5th dimension (M4^). Explicitly the infinitesimal form of the 
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symmetry is 

5.u'k{x) = v^x^ + 'K{x)v^d^'K{x). (2) 

One may check by direct substitution that the Lagrangian shifts by a total deriva- 
tive under this transformation. However it is more illuminating to consider the 
transformations of the tensor Qf^j, — -q^^, + dfjird^,!:. An explicit calculation shows 
that 

= d^,Ti{vy + (9^(7rw"(9„7r)) + dyTi{v^ + d^{'Kv°'do,'K)) 

where 

C = v''7r{x). (4) 

In other words, the transformation on tt induces a transformation on the metric that 
looks like a field dependent coordinate transformation. Given this, it is clear that 
any scalar constructed out of Q/^i, will transform as a scalar 

S,S = CdaS = v''7r{x)daS. (5) 

Similarly given the definition of the brane extrinsic curvature: 

K,. = -^M^, (6) 

one may explicitly check that it transforms as a tensor should 

5 K = ^"d K + d ^"K + d ^"K (7) 

In addition, the tadpole term vr in the Lagrangian is accidently invariant because 
6^71 is a total derivative dyii = dfj_ {v^x'^ /2 + v^ir'^ /2). Strictly speaking only the 
equations of motion are invariant, since one cannot in general neglect the boundary 
term unless it is canceled by appropriate boundary operators. This means there 
will not in general be a globally conserved charge associated with this symmetry. 
However, for most of our discussion this subtlety will not matter. This immediately 
tells us what the most general form of the Lagrangian that will be invariant under 
the nonlinear ly realized IS0{1, 4) symmetry must be of the form 

>C = S {9i^u, Rabcd, Kef, Vg) + A TT, (8) 

where jS" is a scalar constructed out of arbitrary functions and covariant derivatives 
of the Riemann metric associated with g^j^i^, and extrinsic curvature Kfj_i,. There are 
two ways in which matter can couple to this theory. Matter fields which are 
minimally coupled w.r.t. the metric g^u, jCm{9ij.u,X^) must also transform under the 
symmetry. For instance for scalars, 

5,X' = v^T^d^x'- (9) 
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On the other hand there can be matter fields which are minimally coupled to the 
metric f]^^, and consequently will not transform under the symmetry. Of course such 
fields are decoupled here, but in the covariantized version where gravity is dynamical, 
they will couple via gravity, and so this distinction will play an important role. 



2.2 DBI and Anti-de Sitter invariance 

The case of most interest in the context of DBI infiation models, is the warped 
DBI model, where the brane is moving in an approximately Anti-de Sitter throat. 
Ignoring potential contributions, which mildly break the symmetry, the effective 
action for the D-brane takes the form 



(10) 



where we have chosen AdS coordinates in the form 

ds^ = dy^ + e-^y'^r^^Ax'^dx" . (11) 

In the infiation literature it is more usual to work with the canonically normalized 
coordinates $ = a/A^c"'^/^, so that the action (from now on we choose the + sign 
for the tadpole term corresponding to a supersymmetric D-brane) takes the form 



^ = /d'H -|^Vl + 1^(5$)^ + 1^1- (12) 

In what follows we shall work with the form given in Eq. (10). The symmetry in 
this case is the nonlinearly realized 5*0(2,4) symmetry, namely the isometry group 
of AdS^. The generators of SO(2,4), Mab (with A = -1,0,1,2,3,4) split up 
into M^^, M_i^, M^^, M_i_4 where /x = 0, 1, 2, 3. The IS0{1, 3) subgroup is linearly 
realized via {M^^^P^ = (M_i^ -|- M4^)/2). The analogue of the shift symmetry 
(M_i4) is the transformation 

6c7i = c ( 1 - ]x''d^7i) . (13) 



To see that this is a symmetry, we follow the previous procedure and define the 
induced metric on the brane as g^,^ = e~'^'^^^ri^y + d^nd„7i. Then we see that 

with = —cx"-/l. The generalization of the rotation in the 5th dimension (M4^) 
is now given by 

<5,7r = v^x'' + S^vr {^{e^^" - l)v^ + ^^v^^x^ - j{v.x)x''\ , (15) 
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which after some algebra one may show corresponds to a gauge transformation of 
the metric of the form 

e = (^(e^^/^ - l)^^'^ + - ]{v.x)x'^'^ . (16) 

Clearly in the limit £ — > cxd this reproduces the previous Poincare result. Similarly 
the extrinsic curvature 

can be shown to transform as a tensor and one may also check that e~^'^^^ transforms 
as a total derivative under both of these transformations and so is the generalization 
of the tadpole term tt in the Poincare invariant case. We are thus led to the most 
general form of the Lagrangian invariant under the SO{2,4) symmetry to be 

'C = \^S{g^u, Rabcd, Kef, Vg) + A{n) , (18) 
where A is the generalization of the tadpole term, 

A= -^A{e-^^/' -1). (19) 

Here again, there are two ways in which matter can couple to this theory: Either 
matter fields couple to the bulk metric ?7^j, and do not transform under the symmetry, 
or they can be minimally coupled w.r.t. the induced metric, Cm{gfiu,X^) which 
case then should also transform under the symmetry, 

SvX' = e.d.x'- (20) 

Notice that in this case, the induced metric explicitly depends on vr (and not uniquely 
on its derivative), which could provide a natural Vainshtein mechanism. 



2.3 Galileon and Galilean invariance 

The Galileon is defined as the theory invariant under the Galilean contraction of 
the Poincare group. Intuitively it is defined by taking the limit (Stt)^ ^ 1. The 
nonlinear symmetries defined in this limit are 

5,Ti = c (21) 
5,Tx = v^x^. (22) 

Unfortunately there is no non-trivial vr-dependent metric which can be defined for 
which these symmetries are its gauge transformations. Thus it is not possible to 
give such a simple expression for the most general invariant Lagrangian. Apart 
from the tadpole term vr, schematically the relevant terms will be of the form 
(557r)"'~^(c?7r)(57r), but the form of the contractions is highly nontrivial [11]. How- 
ever, we can bypass this problem by always defining the possible interactions as the 
leading non-zero term obtained in the limit (c^vr)^ — )■ from the Poincare invariant 
case. This is precisely what we shall do in the following. 
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2.4 Conformal Galileon 



The conformal extension of the Gahleon, as considered in [11], can be obtained by 
taking the hmit e^'^/^((97r)^ -C 1 in the Anti-de Sitter case. This can be done more 
systematically by redefining n = iif and then taking the limit £ — )■ 0. In this case 
the form of the infinitesimal nonlinear transformations that survive are 

5,7r = c{l-x>'d^7i) (23) 

S^Tc = v^x^ + S^TT (^v^'x'^ - {v.x)x>'^ . (24) 

The induced metric becomes g^j^y = e~'^'"rj^y which, modulo a sign convention, is 
precisely the form used in [11] to construct the interactions for this model. We can 
similarly determine all the possible interactions by taking the leading non-zero term 
obtained in the limit £ — > for fixed vr. Some care must be taken in this process 
since it is necessary to construct combinations of invariants which are well-defined 
in the limit £ — )■ in order to see all the possible interactions for the conformal 
Galileon. We discuss how to do this in section (4.3). 



2.5 Relevant operators and quantum corrections 

The theories we are considering are clearly in general non-renormalizable, and must 
be understood as effective field theories. For each of these 4 classes of theories 
(Poincare, Anti-de Sitter, Galileon, Conformal Galileon), at first glance one may ex- 
pect all local operators which are invariant under the appropriate symmetry group 
to be generated by quantum corrections unless otherwise forbidden by another sym- 
metry. However, if we look at loops from vr alone, this is not necessarily the case. 
Indeed, in the Galileon case it has been shown that there is a type of nonrenormaliza- 
tion theorem [9] that stops the leading interactions from receiving loop corrections 
from vr. This was initially argued in the context of the DGP model, where the 
simplest nontrivial Galileon model arose, but clearly this argument is independent 
of the explicit higher dimensional realization. In the present case however we ex- 
pect loops from matter fields on the brane, i.e. matter that couples to the metric 
Qiiu = V^ll' + d^Tfd^iT to renormalize the intrinsic terms, i.e. A and R. 

Let us first consider the DBI case and write the tension A = A^ and canonically 
normalize the field tTc = A^vr such that 

S = ld'x {-AW^ + idn^y/At + At) . (25) 

Since Ac is the scale with which naively nonrenormalizable operators are suppressed 
we might expect the theory to break down when drCc ~ A^. However, since the 
symmetry guarantees that this is the unique operator which does not include higher 
derivatives, we can still have classical field configurations for which OtTc ~ A^ pro- 
vided that all higher derivative combinations which are invariant under the IS0{1, 4) 
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symmetry are kept small with respect to to the power of their engineering di- 
mension. In particular this implies that the extrinsic curvature K <C and the 
intrinsic curvature i? ^ A^. In effect, the velocity of the brane may become of 
order unity provided that the acceleration is much less than unity. This condition 
guarantees that the higher order operators, which still respect the DBI symmetry, 
and come in suppressed by the appropriate power of Ac, nevertheless remain small 
so that the theory does not go out of control. The condition that quantum fluc- 
tuations remain under control is roughly ^JJp&K^ <^ A^, which is straightforward 
to satisfy even when (SvTc) ~ A^. In the specific context of inflation this naive ar- 
gument can be put on a more rigorous footing [17]. In practice the cutoff for the 
fluctuations depends on the background configuration, and can be determined by 
looking at the precise form of the suppression of non-renormalizable operators for 
the perturbations constructed around a given background. 

In the DBI case, the theory was organized in such a way that the unique invariant 
kinetic term that did not include higher derivatives at the level of the action was 
taken as the most relevant piece, and all other operators are viewed as irrelevant 
corrections to this. In the case of IR modified theories the situation is somewhat 
different. In particular, in theories such as the Galileon, the EFT expansion is 
further reorganized so that operators which do not give higher derivative equations 
of motion, but may arise as higher derivatives in the action, are considered to be 
large (for classical field configurations), i.e. as the relevant operators, and all other 
interactions are viewed as irrelevant corrections. There are only a finite number of 
such operators, which are protected by the symmetries, and it is this finiteness that 
is crucial in this being a useful reorganization of the EFT expansion. 

The justification of this reorganization is based on several points. Firstly, these 
are the unique terms that can be taken to be large without immediately introducing 
ghosts at the scale for which nonlinearities become important, a necessary condition 
for this to describe a consistent modification of gravity. Secondly, in the Galileon case 
one can show that there are non-renormalization theorems that prevent the newly 
defined relevant operators from receiving loop corrections from tt loops [9] . Thirdly, 
the real measure of the breakdown of the effective field theory is not determined 
by derivatives of tTc, but rather by requiring universally that gradients are small 
9 ^ Ac [16, 18]. In other words, classically it is possible to have ddiTc ~ Aj? and 
quantum corrections will be small as long as dhi{dd'Kc) / h^c ^ 1. Lastly, and most 
crucially for phenomenology, the actual cutoff of the EFT may not be the scale 
that arises in the action Ac, but rather a scale Ac which takes into account the fact 
that when looking at perturbations around an arbitrary background configuration 
TTc, or when coupling to matter on the brane, the kinetic term for the perturbations 
5tIc = t^c — t^c gets renormalized by the classical background or matter couplings to 
be of the form [18] 




(26) 
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The case that has been most studied is the DGP type of couphng, where the Gahleon 
couples to the trace of the matter stress energy through a vrT^ couphng, thus gen- 
erating a background for the n field [9, 18]. If we go deep into the region for which 
ddffc ^ then the kinetic term renormalization Z^,, ^ 1. Thus the perturba- 
tions have to be canonically normalized in a manner which depends on the back- 
ground configuration. For instance for the Galileon theory corresponding to the 
DGP decoupling limit, after this renormalization the effective scale with which non- 
renormalizable operators for the perturbations are suppressed is Ac ~ Ac\/Z [18], 
which is much greater than Ac deep in the so-called strong coupling regime. This in 
turn implies that the non-renormalizable interactions are much smaller, and in turn 
that the quantum corrections are suppressed. This last effect is the main content of 
the Vainshtein (kinetic chameleon) mechanism [19]. 

Even in the absence of a ttT^ coupling, and without a background for n, tt = 0, 
as soon we have matter on the brane, it couples to the induced metric Qf^u = Vf^u + 
d^TidvTi (this coupling has the virtue of preserving the symmetries unlike the vrT^ 
coupling), then a kinetic term will be generated in the matter sector and the effective 
kinetic normalization is 

Zt^y = Xr^t^^ _ ^ (27) 

where A is the brane tension. In other words, the effective tension of the brane is A -|- 
ToQ. In a regime where locally \T^y\ ^ A we will also get the Vainshtein mechanism 
occurring which screens the interactions of the brane modulus. Notice that in this 
case the Vainshtein effect is less effective because the kinetic renormalization depends 
locally on the value of T^j,, and so only a small distance from a massive body say, the 
TT field no longer feels the suppression effect due to the matter. By contrast, in the 
more familiar case where there is a background field for tt, the kinetic normalization 
depends locally on the background field configuration and hence non-locally on the 
source, and so the screening effect is still felt at some distance from the source, in 
particular, within the so-called strong coupling radius. Also note that in this case, 
the absence of ghosts amounts to the condition A+Tqo > which is that the effective 
tension of the brane is positive semi-definite.^ 

We should stress that whether this resummation, and indeed the precise form of 
the interactions, is justified from the perspective of its UV completion is a nontrivial 
question [20], and for our present purposes we ask only that these theories make sense 
as effective field theories. However, it is worth mentioning that the central question 
is whether the theory is local/causal/has an analytical S-matrix. The Poincare and 
Anti-de Sitter theories will be local in higher dimensions, which is arguably all that 
is really required. From this point of view the galilean limit is somewhat pathological 
since there is no longer a well-defined metric which is preserved by the symmetry 
and can be used to give a causal structure. This is consistent with the observation 

^The same arguments do not apply in the DGP case because of the orbifold projection. This 
is tied to the fact that tt has a different physical meaning in the context of the DGP decoupling 
theory. 
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in [20] that the pure Gahleon theory violates the conditions needed for an analytic 
S-matrix. 

Following this logic, it merely behooves us to look for all the possible terms which 
give rise to second order equations of motion in the actions of the form 

S = jd^x (v/^ Sig^,, Rabcd, Kef, V,) + Ain)) . (28) 

Fortunately this work has already been done for us. All allowed operators must 
either correspond to Lovelock terms in 4 dimensions or the Gibbons-Hawking- York 
boundary terms associated with Lovelock terms in 5 dimensions [21]. The reason 
is that the Lovelock terms are the unique manifestly covariant terms which do not 
give rise to higher order equations of motion. Thus the most general induced action 
on the probe-brane satisfying our criteria is then 
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>C = v^( -A + ^i?-M|i^- /3^/Cgb) +^(vr), (29) 
\ 2 / 

where A is the tadpole contribution, whose exact magnitude depends on the bulk 
content or additional fields, but whose form is dictated by the symmetries. We have 
neglected the 4 dimensional Gauss-Bonnet term since it is purely topological, but it 
is understood that in a higher dimensional realization it is expected to be present. 
In this action, indices are raised and lowered with respect to the induced metric g^j^^, 
m is the ratio of the 5 dimensional to the 4 dimensional Planck scales, m = M^/M^, 
K is the trace of the extrinsic curvature K^y on the brane and the boundary term 
/Cgb is a combination of order extrinsic curvature terms and the induced Einstein 
tensor [22]: 



/Cgb = -\kI^ + KKl, - ^-K' - 2G,,K^'' . (30) 



Since the boundary terms K and /Cgb arise from the 5 dimensional Lovelock invari- 
ant, their projection to the brane is automatically at most second order in derivatives 
at the level of the equations of motion. The same is not immediately obvious for 
the induced quantities, such as the Scalar Curvature. To convince ourselves that 
the equations of motion yield at most 2 derivatives in time, when working in terms 
of the induced metric (7^1^ = + d^ndiyTi, let us first assume vr = 0. In that case 
the restriction to the Lovelock combination ensures that the equations are at most 
second order in time derivative, and when working in terms of the ADM decompo- 
sition, with lapse A^, ds^ = q^^dx^'dx'' = -N'^dt'^ + -fij{dx' + N'dt){dx^ + N^dt), the 
equations are of the schematic form 

Ml,i,l,N,N,N\N^) (31) 



^ = fooh,i,N\N^) (32) 
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where the lapse never enters with more than one time-derivative (here denoted by 
dotes), and the equation with respect to the lapse propagates a constraint. Space- 
like derivatives have been omitted from the previous relations for simplicity. 

Now, when including the modulus tt, one might worry that the equations of 
motion could potentially include higher derivative contributions since the induced 
metric itself contains first order derivatives squared. However, one can always choose 
the gauge where vr = vr(t), and in this gauge nit) enters only through a corresponding 
redefinition of the lapse to A^^ = — tt^. Since the equations of motion contained 
no more than a single derivative of the lapse, it follows trivially that the equations 
of motion contain no more than second derivatives of vr(t): 



6S 
6S_ 

In 



f,,{^,^,^,N,N,N\N\7r,^) (33) 
fooi7,i,N\N\7r,^) (34) 



as do the equations obtained varying with respect to vr: 

^ ~ -dt (tt^) ~ A(7, 7, 7, N\ N\ N\ tt, n) . (35) 



Sn V 5N, 

Upon covariantization of these gauge fixed expressions, we clearly see that Lovelock 
invariants lead to a well-defined Cauchy problem in any gauge. 

We will emphasize this fact further by showing that there is a remarkable set 
of recursion relations (43-46) and (63-66) that relate all these different operators, 
including the 4d Gauss-Bonnet term. Our aim in the rest of this paper is to show 
that this simple action is sufficiently general to reproduce all the interactions of the 
Galileon, Conformal Galileon, their relativistic generalizations, and to determine the 
correct coupling to gravity. 



3 Probe Brane in Minkowski 

In the higher dimensional bulk the brane is localized ai y = 7r(a;^), where y param- 
eterizes the direction along the 5th dimension, while the variables x'^ are 4 dimen- 
sional. Assuming the shift vanishes in the bulk, the form for the induced metric 
will then be (^^^ = q^u + c^^vrStyVr, where q^i, is the metric induced on constant-|/ 
hypersurfaces. 

3.1 Induced Action 

For the time being, we focus on the brane position modulus vr and set q^i, = r]^^. 
The generalization to the case with gravity dynamical will be straightforward, and 
amounts to considering the metric g^j, to be dynamical, as explained in section 5. 
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In terms of the brane position modulus, the inverse metric is then 

r-'r-j^,, (36) 

where in this section, indices are raised and lowered with respect to the Minkowski 
metric, unless specified otherwise. The induced extrinsic curvature on the brane is 
then Kfj,^j = —7 dfj^d^Ti, where 7 is the Lorentz factor 



1 



7 



The different contributions to the brane action are simply 



S 



^ = -A y d^Xy/lTW? 

Sk = -Ml j d^x^K = Ml J d^x {[U] - 7^ 

Sr = ^I d'xV^R = ^ /dV7 (([n]^ - [tf ]) + 27^ 



(37) 

(38) 
(39) 

iV[n][0])) (40) 



and 



S, 



GB 



^4 

r3 



d ^GB 

j dV7^(| [[Yif + 2[n3] - 3[n][n^]) + 47^([n][02] - [0=^]) (41) 



where we used the same notation as [11], with 11^,^ = d^d^-K and square brackets 
[...] represent the trace (w.r.t. rj^y) of a tensor. Furthermore we also introduced the 
following notation 



(42) 



so in particular [0] = d^dyird^nd'^Tr. 

The higher dimensional origin of these terms ensures that equations of motion 
remain at most second order in derivatives, and before providing the exact equation 
of motion for the field vr, it is worth pointing out the following recursive relations 
that exist between each term in the induced action: 

-(■ 



6 



5n 

-( 

6tt 





(43) 




(44) 


^R) = ^/Cgb 


(45) 



2 2 

-5'^Gb) = -^GB4 = o{R^ - ^R-lu + R-luaf}) 



(46) 
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where in the last expression, we see appearing the four- dimensional Gauss-Bonnet 
term at the level of the equations of motion. Here ^ is the Euler-Lagrange derivative 



6 

Sit 




dix 



d 



dd^dy-K ' 



d 



(47) 



Notice that in four dimensions, the Gauss-Bonnet term is topological at the level of 
the action, but at the level of the equations of motion, as it appears here, it produces 
a non-trivial, yet ghost-free contribution. As we will see in section 4, this important 
recursive relation remains valid around any maximally symmetric background, and 
will actually only be very slightly modified around an arbitrary background. 

First of all, this recursive relation, makes it very clear that the equations of 
motion remain second order in derivatives and the theory is therefore free of any 
manifest ghost-like instability (of course there may exist configurations around which 
perturbations are ghostly despite having a well-defined Cauchy problem. However, 
such configurations invariably lie outside of the regime of validity of the effective 
field theory). Furthermore, this provides an explicit framework to derive the entire 
Lovelock family of higher-order terms in arbitrary dimensions, [21]. 

Using these relations, the modified Klein-Gordon equation is then expressed as 
follows 



- = A7 ([n] - m) - Ml ([H]^ - [H^]) + 2f {m - [H][0])) (48) 



which is a complete generalization of the DBI model (first term), and the Galileon 
contributions as we shall below. It is worth pointing out that, for classical field 
configurations, all the terms in these equations of motion can be similarly significant 
without running out of control from higher order contributions, as a consequence of 
the arguments of section 2.5. 



^7%[n]^ + 2[H2] - 3[H][H2] + 37^ (2([H][02] 
- 6[H]2[H2] + 8[H][H3] + 3[HT 

3 m"^ V 



[ct^'])-mf-mm)) 

6[H^]) =0, 
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3.2 Recovering the Galileon 



As promised, in the non-relativistic limit (c^tt)^ ^ 1, we recover for free the different 
Gahleon contributions as derived by hand in [11]: 

S, = Sr = -^Jd'x{dnr (49) 
S^ = S^'' = ^J d^x idrrY Dtt (50) 

^4 = = ^ / {dr^r - {d.d^rrr) (51) 

/Vf3 r 

^5 = S^i = J d'x (dnf ((□7r)3 + 2id,d,n)' - SOnid^d^nf) . (52) 

Notice that 5*4 and take a shghtly different form than [11], but the expressions are 
actually equivalent after noticing that the following combinations are total derivative 
in Minkowski, as mentioned in [12]: 

£f = 2{[UM - + - midnf (53) 
£f = 2([n]2 - [U']M - 4([n][02] - [0^]) + ([n]=^ + 2[U'] - 3[U][U']){d7r') (54) 

Our derivation has now shed light on one crucial aspect of the Galileon theory 
that always appeared remarkable: How could higher derivative operators in the 
Lagrangian give rise to conventional second order equations of motion? We now see 
that it is precisely because they follow from the special Lovelock combinations. It 
is the topological nature of these terms in lower dimensions which is connected to 
their equations of motion being second order. This can be seen through the fact 
that the expression for these invariants requires the use of the antisymmetric Levi- 
Civita symbol, and as shown in [13] this is the crucial property to demonstrating 
the well-defined Cauchy problem. 



4 Probe brane in Anti-de Sitter 
4.1 Induced Action 

In general, the bulk contains a cosmological constant which induces a five- dimensional 
de Sitter or Anti-de Sitter (AdS) warped geometry. For definiteness, we choose an 
AdS bulk, of the form 

ds^ = dy^ + e-^y/^'q^Ax^dx" , (55) 

where the AdS length i is related to the bulk cosmological constant A via the 5d 
Planck scale M5 and the coupling /3 to the Gauss-Bonnet terms: 

6M| 2/3 

£2^2 
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In this section both the covariant derivative and the raising and lowering of indices 
are still performed using the Minkowski metric. In terms of the Lorentz factor 7, 



7 



(57) 



+ e2-/^(97r)2 ' 

the induced metric and extrinsic curvature on the brane of position y = 7t{x^) are 



K 



-6^-/^7 



(□vr-7V-/^[0] + ^(9vr)^ + ^e-^-/^) 



(58) 
(59) 

(60) 



The expression for the induced scalar curvature is 



R = fe'-^l' 



6 



(61) 



^e--/^(97r)^(l + 2e-/^(9vr)^)-^[ 



(3 + 4eW^(5vr)2) [n] 



and finally that of the Gauss-Bonnet boundary term is 



K 



GB 



^([n]3-3[n][tf] + 2[n=^])] 
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(62) 



2]) + ;e-2-/^(2 + 3e2-/^(97r)2)([n]2 - [H^]) 



4e-^-/^(-7 + 3e2-/^(a7r) 
2 



_ 2 g-6V^(4 ^ i3eW^(a7r)2 + 15e^-/^(97r)^) 



The induced action on the brane (29) then provides a generalization of the DBI/Galileon 
action to a family of models, where the analogue of the recursive relations (43-46) 
remain valid and give rise to the following very simple relations despite the compli- 
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cated expressions in (61) and (62): 



6 

6_ 

6tt 
6 

6tt 
6 

6n 



(v^) = e-'-/'K 



32 



) 



(66) 



(64) 



(65) 



(63) 



Here R and Cgb4 are respectively the Ricci scalar and Gauss-Bonnet scalar with 
respect to the induced metric gfj,^. 

4.2 Recovering DBI 

The DBI limit of this theory is trivial to obtain, and simply amounts to taking the 
conventional limit of the probe-brane action (29) in the AdS case, where the action is 
dominated by the lowest order operators, the tension and the tadpole contribution, 
which takes the form 



while all subsequent contributions are treated as small, or not present. More con- 
cretely this amounts to taking the corner of phase space where M4, M5 — )■ 0, so that 
the resulting action in this limit is 



Notice that in this limit, the main contribution to the tadpole term A arises from 
Chern-Simon terms in the DBI action. This is different to the static Randall- 
Sundrum brane, for which M4 — )■ while M5 remains finite. In this case the 
tadpole comes from integrating the 5 dimensional curvature across the bulk giving 
A = 2M|/£e~^'^/^, while the Israel matching condition imposes A = 6M|/£. Both 
of these contributions are then canceled to leading order in {dn)"^ by the extrinsic 
curvature term, K = —4'y/i. 

4.3 Recovering the Conformal Galileon 

The conformal Galileon, on the other hand is obtained by taking the non-relativistic 
limit of AdS, where f?'^ I ^ [d-nY' ^ 1- This can be achieved more systematically by 
defining tt = iff and then taking the limit £ 0. However as we now explain this 



^(vr) = Ae-^"/^ 



(67) 




(68) 
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must be done with some care. It is first necessary to construct specific combinations 
of invariants to pick out the desired interactions. For the tadpole term we clearly 
obtain in the limit 



/:i = lime-*"/' = e-^" (69) 
which remains invariant. For the tension we must look at the combination 



Hi 



1™ 1^ (" 



1 

--e 
2 



(a- 



For the extrinsic curvature we must look at the combination 



lim-^ 



-A-k/1 



6 



-9 



(70) 

(71) 
(72) 



.. I^Dtt idr:)'^ + total derivative . 

Modulo the convention difference (vThere ~^ ~7rthcre) this is precisely the conformally 
invariant term derived by different means in [11]. Proceeding in this way we may 
construct all the interactions of the conformal Galileon. In particular, the two 
remaining interactions that give second order equations of motion are given by 



lim 



/-g 
£4 



R 



(73) 



20 ^ ' 



io([n]2 

+ total derivative , 



+ 3(97r) 



and 



lim ■ 

10 



-g 



-/c 



GB 



u p 



(74) 



-([np + 2[nV3[n][n^]) + (97r)2([n]^ 
1 



n^]) 

total derivative . 



Unlike the pure Galileon case, this limit is remarkable in that the symmetry group re- 
mains intact as 5*0(2, 4) despite the fact that we are taking a type of non-relativistic 
limit. This is somewhat analogous to the fact that the low energy theory of a D3- 
brane corresponds to a (super) Yang-Mills theory which still classically preserves the 
same conformal symmetry which was inherited from higher dimensional isometry 
group. 



5 Coupling to gravity 
5.1 Induced Action 

For simplicity we have only considered so far a Minkowski or AdS background ge- 
ometry for the modulus field vr. The coupling to gravity is however straightforward 
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and only amounts to generalizing this approach to an arbitrary 4 dimensional metric 
q^i,, so that the induced is given by 

gi„y = QtMuix) + df^Tld^Tl . (75) 

The generalization of the contributions to the induced metric are then simply 



K = -7([n]-7'[0]) 

R = R- 2^'d>^7Td^7cR,, + f {[U]' - [W]) - 27^ ([n][0] - [02]) 



and 



/Cgb = -7^ 



{[uf + 2[u'] - 3[n][n2]) + A^\[um - 



(76) 
(77) 



(7J 



~2^'m^ - [U^]M + d^nd'^n {AR,^UZ - 2R,,[U]) 
+2R^^f,,Wd''7rd^7r - [<j)]R - 2G^,W 

where R is the Ricci scalar induced on the brane, R = R[g^ij] with induced metric 
9fMu = Ifiu + dnTcd^TT while bar quantities are computed with respect to the metric q^^, 
R = R[qf^u], and similarly for the Riemann, Ricci and Einstein tensors. Moreover, 
in the previous expression, indices are raised and lowered using the metric q^^^, and 
the covariant derivatives are taken with respect to g^j,. In particular, U^^, = V^Vj^vr 
and similarly for 0. 



5.2 Recovering the Covariant Galileon 



As pointed out in [12, 13], when studying the Galileon around a generic background 
metric the actions (51) and (52) involve more than two derivatives at the level 
of the equations of motion a non-minimal coupling needs to be introduced to ensure 
the stability of the theory. As we shall see below, such corrections are automatic 
in this formalism, and when working around a generic background, and in the non- 
relativistic limit, the expression for 5*4 is then 



^4 



/ d^xv^i? 



Mi 



d Xy 



R 



-idn) 



2d^Txd''TxR, 



1 - ^{drrY 



([n]2-[tf]) (97r)2-2([n][0]-[02]) 



(79) 



so that after canonically normalizing the modulus vr = niM^ vr, the terms scaling as 
A3 are precisely that derived by Deffayet et.al. in [12, 13]: 



s: 



dec 



d'x^{{[ur-[n'])idn) 
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Notice however that this framework has the power to provide the complete covariant 
generahzation beyond the non-relativistic and decouphng hmit. 

Similarly, the covariant generalization of the final term (52) can be derived work- 
ing with the generic metric q^j_i, and is provided in (78), so that after canonical 
normalization, and upon integration by parts, the terms scaling as A3 in the non- 
relativistic limit are once again precisely as determined in [12, 13]: 

St =JiJ d'xV^l - I {[flf + 2[Il'] - 3[fim) (d^r + m][4>'] - [0']) (81) 



/3 



- 2([n]^ - [n^])[0] - d'^Tcd'^Tf [AR,^UZ - 2R^4U] ) (Stt) 

- 2^„^;3^n^^a"7r9^7r(97r)2 + [4)]R{d7rf 
■1 



J d^xV^idnf [- ( [Uf + 2[U'] - 3[U][U^] ) - 2G^,n'^°9,9^7r . (82) 



5.3 Higher dimensional picture 

The simplicity with which we have derived a consistent theory which couples to 
gravity and is purely 4 dimensional makes one wonder whether it is necessary to go 
the higher dimensional picture for anything other than guidance in how to construct 
the 4 dimensional theory. The reason it is ultimately necessary is that gravity 
necessary breaks the nonlinearly realized symmetries, and so we expect at least 1/M| 
suppressed corrections which do not respect the symmetries. Classically this is not 
a problem, but at the quantum level we expect to generate potentially dangerous 
operators which break the low energy symmetry. For instance if the cutoff is A we 
expect to generate a mass for vr of order ~ A^/Mpj. This may not be a problem 
as long as the cutoff is taken to be well below the Planck scale, however in general 
if the symmetry is not present in the UV completion, there appears to be nothing 
to protect the mass from becoming Planckian in the UV, which would certainly 
render the low energy effective theory inconsistent. Indeed there are now standard 
arguments which show that all continuous global symmetries must be broken in a 
theory of quantum gravity, and that this breaking is at the Planck scale. 

This fact was obvious since the nonlinear symmetries did not commute with 
the generators of the 4 dimensional Poincare group. As soon as we make the 4 
dimensional coordinate transformations local, it is no longer possible for the extra 
symmetries to act in the same way. The solution to this problem is to promote 
the whole symmetry group to a local one. In other words replace the Poincare or 
Anti-de Sitter symmetries with nonlinearly realized 5 dimensional diffeomorphisms. 
Since the symmetry is now local, it evades the arguments about being broken at the 
Planck scale. This is of course precisely what we get from the 5 dimensional picture, 
where the brane is the object which is manifestly invariant under 4d diffeomorphisms 
and nonlinearly realizes the 5d diffeomorphisms, and is also what happens in the 
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DGP construction. From this perspective then, the Covariant Gahleon model could 
only make sense as a limit of some higher dimensional braneworld construction. 

Implicit in this construction is that matter should couple in a manner which 
is invariant under 5d diffeomorphisms. This is automatic for matter that either 
lives in the bulk and couples to the bulk metric, or lives on the brane and couples 
to the brane metric. To exhibit the Vainshtein mechanism in its usual form, it is 
necessary that in some limit matter couples linearly to tt. In DGP, this coupling 
arises naturally because the brane metric kinetic term mixes with the tt kinetic term, 
and so upon diagonalization one picks up the appropriate conformal coupling. In 
the probe brane limit with a Minkowski bulk, couplings of this type do not arise. 
However, they are present for the anti-de Sitter bulk because the induced metric 
depends explicitly on tt through the warping, and indeed in the Conformal Galileon 
limit, the induced metric is just conformally related to the bulk metric, and so 
matter will naturally pick up the appropriate conformal coupling. 

Fortunately it is now transparent how to realize the most general form of these 
theories by taking an action which is a sum of 4d Lovelock invariants localized on 
the brane, and 5d Lovelock invariants in the bulk (and their associated boundary 
terms) with potentially different coefficients on each side of the brane, including in 
general a bulk cosmological constant (which may be different on each side of the 
brane). There exists a decoupling limit where we recover the Minkowski or AdS 
DBI/Galileon effective field theories. For example, a limit corresponds to taking 
the coefficients of the bulk Lovelock invariants to infinity (decoupling bulk gravity) 
in such a way that the bulk AdS curvature remains finite and the difference of the 
Lovelocks on each side of the brane remains finite, so that their boundary values 
still contribute to the brane action. 

Note that crucially this probe brane decoupling limit will in general not be the 
same as the DGP decoupling limit which is appropriate for tensionless orbifold 
branes since in the above we rely on the presence of a brane tension to generate 
a kinetic term for the brane modulus vr. Notice also that the volume of the extra 
dimensions may be finite. This does not preclude these being possible IR modi- 
fications of gravity, if the volume is still much larger than the Hubble scale. It 
merely indicates that there will be a transition from a 4d regime dominated by the 
brane induced curvature, to a 5d regime and back to a 4d regime dominated by 
the Kaluza-Klein zero mode as we fiow into the IR. It is plausible that, when an 
analysis similar to the DGP decoupling limit derivation [9] is performed for theories 
of this type where the brane is an orbifold plane, we can recover similar results 
even in the zero tension case. However, there does appear to be a problem since 
as pointed out in Ref. [11] in the absence of a tension, even with all the Lovelock 
invariants there do not appear to be sufficient terms to reproduce all the Galileon 
interactions. The connection between the different limits, and fully understanding 
the higher dimensional framework is left to future study. 
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6 Conclusions 



The aim of this manuscript is to emphasize the profound relation existing between 
different types of higher derivative 4 dimensional theories that possess a well de- 
fined Cauchy problem and exhibit special symmetries. The connection between 
these theories relies on the nonlinear realization of an underlying higher dimen- 
sional symmetry. In doing so, we have formulated a general class of effective field 
theories which, in different limits, reproduce the Galileon, covariant Galileon and 
its conformal extension as well as the familiar DBI type of Lagrangians. These the- 
ories are a new class of IR modified gravities which have a clear interpretation in 
extra dimensions, and may exhibit the same interesting phenomenology, such as the 
Vainshtein mechanism, that has now become familiar from the DGP model. 

Whilst we have focused here on the formulation of this theory and the connection 
between different limits, the physical phenomenology of this new framework is vast 
and is left for further investigations. The extension of DBI for instance should be 
studied with care and could lead to a rich phenomenology in the context of DBI 
inflation. In the DGP limit, the presence of the extra mode modifies structure 
formation, precision solar system tests, binary pulsars dynamics and many other 
physical observables. We have provided here the tools to extend these tests not 
only to the Galileon and Conformal Galileon model, but to a much broader class of 
theory that connects with DBI. 

Finally, we have argued that since such theories are non-renormalizable, they 
should be understood as effective field theories, valid below some cutoff scale Ac. 
Fully understanding whether these theories can make sense at the quantum level is 
beyond the scope of this article, however since these models are contiguous with the 
Galileon effective theories, we expect to rely on the same arguments use there, as dis- 
cussed in section (2.5) to make sense of them. These arguments rely on demonstrat- 
ing that there can exist classical field configurations, where fields become naively 
of the order of the cutoff A^, but quantum fluctuations around them still remain 
small, provided that derivatives are small d <^ Ac, see [9, 18, 16]. Furthermore, in 
the presence of a source the actual cutoff can be raised to a much larger scale Ac via 
the Vainshtein/kinetic chameleon mechanism, a necessary requirement for theories 
of this type to successfully confront phenomenology. We leave the exploration of 
these details to future work. 
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